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ABSTRACT 
The present paper investigates externally-induced sloshing 
in axi-symmetric liquid containers, with emphasis on industrial 
spherical containers, using an efficient numerical formulation, 
based on modal analysis. Assuming ideal and irrotational flow, 
small-amplitude free-surface elevation, and considering 
appropriate trigonometric functions for the sloshing potential, a 
two-dimensional eigenvalue problem is obtained for zero 
external excitation, which is solved through a variational 
(Garlerkin) formulation that uses triangular finite elements. 
Subsequently, based on an appropriate decomposition of the 
container-fluid motion, and considering the eigenmodes of the 
corresponding eigenvalue problem, an efficient methodology is 
proposed for externally-induced sloshing, through the 
calculation of the corresponding sloshing (or convective) 
masses. Numerical results are obtained for sloshing frequencies 
and masses in spherical vessels and a conical vessel with a 
semi-vertex angle of 45 degrees. It is shown that, in most of the 
cases, consideration of only the first sloshing mass is adequate 
to represent the dynamic behaviour of the liquid container quite 
accurately and could be used for design purposes. The 
numerical results are in very good comparison with other 
analytical or numerical solutions, and available experimental 
data. 
INTRODUCTION 
The free surface of the liquid containers allows for liquid 
motions relative to the container, referred to as “liquid 
sloshing”, which may have a significant influence on the 
response of the container and the total hydrodynamic force. 
Mathematically, assuming an ideal liquid and irrotational flow, 
the sloshing formulation leads to an eigenvalue problem in 
terms of the fluid velocity potential, which represents the 
oscillations of the liquid free surface inside the motionless 
container. In the presence of external excitation, the problem 
becomes transient and the solution provides the hydrodynamic m: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of Uspressures and force on the container’s wall. A review of 
sloshing investigation in containers of various shapes, 
including numerous experimental results, has been reported by 
Abramson [1], whereas for a presentation of recent research on 
sloshing dynamics the reader is referred to the review paper of 
Ibrahim et al. [2]. 
In particular, earthquake-induced sloshing has been 
recognized as an important issue towards safeguarding the 
structural integrity of liquid storage tanks or vessels. The 
pioneering work of Housner [3] on the hydrodynamics in non-
deformable upright-cylindrical and rectangular containers, in 
terms of “splitting” the motion in the “impulsive” part and the 
“convective” part, has been extended in [4], [5], [6] and [7], to 
include the effects of shell deformation on the response of 
upright cylinders, and its interaction with hydrodynamic 
effects. Uplifting of unanchored tanks as well as soil-structure 
interaction effects have been studied extensively in [8], [9], 
[10] and [11], whereas the seismic response of anchored and 
unanchored liquid storage upright cylindrical tanks have been 
examined in [12] and [13]. The reader is referred to refs. [14] 
and [15] for a thorough presentation and a concise literature 
review of liquid storage tank response under seismic loads, 
including fluid-structure and soil-structure interaction effects.  
The above studies have been concentrated mainly on 
vertical-cylindrical tanks, whereas several works also referred 
to rectangular tanks. On the other hand, a limited amount of 
publications has been reported for liquid sloshing in other 
geometries, such as containers of horizontal-cylindrical and 
spherical shape, which have significant applications as storage 
vessels for liquefied petroleum gas (LPG), liquid propane, 
propylene and LNG. Their sloshing response under strong 
seismic events is of particular interest for a reliable estimate of 
the total horizontal force and the corresponding overturning 
moment, towards a safe seismic design. The API seismic 
provisions for liquid storage tanks [16] refer exclusively to 
vertical cylinders, whereas the recent European rules [17], as 1 Copyright © 2008 by ASME 
e: http://www.asme.org/about-asme/terms-of-use
    
       
Downloawell as the New Zealand recommendations [18] refer to 
industrial pressure vessels (i.e. horizontal cylinders or spheres) 
in a very approximate manner. 
It should be noted that an analytical calculation of 
sloshing frequencies and modes in a liquid container of shape 
other than upright cylinder or rectangle may not be generally 
possible and therefore, a semi-analytical or numerical solution 
is necessary. Liquid sloshing in spheres has been investigated 
through semi-analytical or numerical special-purpose 
formulations by Budiansky [19], Chu [20], Moiseev & Petrov 
[21] McIver [22], McIver & McIver [23] and Evans & Linton 
[24]. On the other hand, Hunt [25] and Lay [26] presented 
boundary element solutions for liquid sloshing in axisymmetric 
containers, whereas solutions based on a finite element 
discretization of potential flow have been reported in [27], [28] 
and [29].  
The present paper presents a general-purpose finite element 
formulation for liquid sloshing analysis in axi-symmetric non-
deformable containers subjected to horizontal external 
excitation, based on modal analysis. The study is motivated by 
the earthquake analysis of industrial pressure vessels, and is a 
generalization of the special-purpose variational solution 
presented in [30] for spherical containers. Using appropriate 
trigonometric functions for the sloshing potential in the 
circumferential direction, sloshing frequencies and modes, 
representing fluid motion within the motionless container, are 
calculated through the solution of a two-dimensional 
eigenvalue problem on the meriodinal plane, through a finite 
element discretization that employs constant-strain triangulars. 
Subsequently, the transient problem of externally-induced 
sloshing is solved through a modal analysis, which results in 
the calculation of sloshing (or convective) masses and enables 






B1: “wet” container wall





Figure 1. Liquid vessel under external excitation along the 
x − axis. 
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Assuming ideal fluid conditions, the liquid motion in a 
undeformed (rigid) container under horizontal excitation 
displacement ( )X t  in the x  direction (Figure 1) is described 
by the flow potential ( , , , )x y z tΦ , so that the liquid velocity 
is the gradient of Φ  ( u = ∇Φ ), which satisfies the Laplace 
equation in the fluid domain Ω, 
2 2 2
2
2 2 2 0 x y z
∂ Φ ∂ Φ ∂ Φ
∇ Φ = + + =
∂ ∂ ∂
 (1) 





e n     (2)   






   (3)     
on the free surface 2Β , where X dX dt= , and  is the unit 
vector in the 
ê
x  direction and  is the outward normal unit 
vector at  any point of the lateral (wet) surface 
n
1Β . The 
unknown potential Φ  can be decomposed additively in two 
parts, the “sloshing motion” potential , and the “uniform 
motion” potential 
SΦ
UΦ :  
( )( )U X t x cΦ = −    (4) 
where  is a constant. One may readily show that c UΦ  
satisfies Laplace equation (1) and the non-homogeneous 
boundary condition (2). Therefore, the sloshing potential SΦ  
should satisfy  
2 0 S∇ Φ =     (5) 















∂ Φ ∂Φ ∂ Φ
+ = −
∂ ∂ ∂
      (7)       
at 1Β  and on 2Β respectively,  where the right-hand side of 
boundary condition (7) can be regarded as the “excitation” term 
of the transient problem (5) - (7). Considering an admissible 
function *( , )x yϕ  and using Green’s theorem, the variational 
form (weak statement) of problem (5) - (7) is expressed as 
follows: 2 Copyright © 2008 by ASME 
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(8)        
In the absence of external excitation , so that 0X = 0UΦ = , 
and the boundary condition (7) becomes homogeneous. In such 
a case, seeking solutions of the problem (5) - (7) in the form  
 
( , , ) i tS S x y z e
ωφΦ =    (9) 
 
one obtains the following eigenvalue problem expressing the 
free vibrations of the liquid within the motionless container 
 






 at      (11)             1Β
2
0S Sy g
φ ω φ∂ − =
∂
on          (12)       2Β
The solution provides the so-called “sloshing frequencies” nω  
and the corresponding “sloshing modes” ( , , )n x y zΨ  
( ), which satisfy the orthogonality conditions  1, 2,3,...n =
( ) ( ) 0m n d
Ω
∇Ψ ⋅ ∇Ψ Ω =∫ , m  (13) n≠
2
2 0 m n≠m n
B
dBΨ Ψ =∫   (14) 
and, furthermore, 










∇Ψ ⋅ ∇Ψ Ω = Ψ∫ ∫ B  (15) 
Upon calculation of sloshing frequencies nω  and modes 
( , , )n x y zΨ , the solution of the transient problem (5) - (7)  
can be expressed in terms of  as follows: nΨ
(
1,2,3,...
( , , , ) ( ) , ,S n
n
)nx y z t Y t x y z
∞
=
Φ = Ψ∑  (16) 
where,  are generalized coordinates, and the dot denotes 
derivative with respect to time. In addition, the admissible 
function 
( )nY t
*( , , )x y zϕ  in equation (8) is also expressed in the 
same manner  
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 (*
1,2,3,...
( , , )  , ,n n
n
)x y z b x y zϕ
∞
=
= Ψ∑  (17) 
where  are arbitrary constants. Inserting expressions (16) 
and (17) into the variational equation (8), and using the 
orthogonality of functions 
nb
( , , )n x y zΨ , one readily obtains a 
series of uncoupled linear ordinary differential equations in 
terms of : ( )nY t
2
n n n n n nM Y M Y Pω+ = − X ,   n=1,2,3,…  (18) 
where ωn is the sloshing frequency of the nth mode, X̂  is the 








= Ψ∫    (19) 
2
2




= Ψ −∫ dB   (20) 
The liquid motion is associated with hydrodynamic 
pressures ( , , , )p x y z t , calculated directly from the fluid 
potential Φ  through the Bernoulli equation ( p ρ= − Φ ) and 
the total hydrodynamic force at the container wall is obtained 
through an appropriate integration of those pressures on the 








ρ ∂Φ ∂Φ⎛ ⎞= − + ⋅⎜ ⎟∂ ∂⎝ ⎠∫ e n B  (21) 
Equation (21) indicates that the force  can be expressed 











= − ⋅ =
∂
−∫ e n M  (22) 
where is the total liquid mass, and the force  










= − ⋅ =
∂






F ρ= Ψ ⋅∫ e n dB    (24) 
Therefore, the total hydrodymanic force on the container’s wall 
is  
1,2,3,





= − −∑ Μ A   (25) 












     (26) 
and    
n nu a X= +     (27)  
the liquid motion equations (18) become 
2 ( )n n na a Xω+ = −    (28) 
or equivalently, 
( )2 0n n nu u Xω+ − =
X
X
   (29) 
Equations (28) express the liquid motion with respect to the 
container and Equation (29) express the total liquid motion 
(including the motion of the container). Furthermore, the 
hydrodynamic force in Equation (25) becomes 
1,2,3,





= − −∑ Μ Μ   (30) 
or equivalently, 
1,2,3,



















= − ∑Μ Μ Μ C
nC n
,   (33) 









= − ∑ Μ   (34) 
Equation (33) implies that the total mass  is the sum of the 
“convective” masses  (n=1,2,3,…), associated with the 
liquid motion due to free-surface elevation (convective 
motion), and the “impulsive” mass  , which refers to the 




Based on equations (28) - (31), and considering only the 
first sloshing mode for simplicity (i.e. neglecting the effects of 
convective masses  ), a simple spring-mass 
mechanical model can be proposed, as shown in Figure 2, 
which illustrates the motion of the fluid-container system. In 
this model,  represents the motion of the external 
source, and  expresses the motion of the liquid 
mass associated with sloshing. The total liquid mass  is 
split in two parts  and , which correspond 
to y1 and y2, and express the so-called “convective” (or 
nCΜ 2,3,4,...n =
2 ( )y   X t=
1 1 ( )y   u t=
LM
1 1C=m M 2 I=m M 
loaded From: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of Use:“sloshing”) motion and “impulsive” motion respectively, a 
concept introduced in [3]. It is also straightforward to develop 
more elaborate mechanical models, which include a desired 
number of spring-mass oscillators, to account for the effect of 
higher modes, describing more accurately the sloshing response 
of the liquid. 
In the above analysis, the key step towards calculation of 
the dynamic response of the container, is the solution of 
eigenvalue problem (10) - (12) in terms of sloshing frequencies 
nω  and mode shapes ( , , )n x y zΨ . In non-deformable 
rectangular and vertical-cylindrical liquid storage tanks, 
analytical expressions for nω  and ( , , )n x y zΨ  exist (e.g. [1], 
[2]), and the above methodology becomes trivial. On the other 
hand, such analytical expressions do not generally exist for 
vessels of different geometry, and should be computed 
numerically. In the following, the above general formulation is 
applied for the analysis of axi-symmetric vessels. 
 
y2 = y1=( )X t
2
1 1Ck ω= M
1 1 12 Cc ξ ω= M
1 1C=m M







Figure 2. Mechanical mass-spring model that describes the 
dynamics behavior of liquid containers, considering the first 




























Figure 3. Axisymmetric liquid container with arbitrary 
meridian shape. 4 Copyright © 2008 by ASME 
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In this section, non-deformable axisymmetric vessels are 
analyzed under horizontal external excitation (Figure 3). The 
“uniform motion” potential can be written  
( ) ( )  cosU X t x X t r θΦ = =   
     (35) 
and a potential associated with sloshing , which should 
satisfy the Laplace equation (5) in the three-dimensional fluid 
domain, the kinematic boundary condition (6) at the wet 






S Sg X r
t y
θ∂ Φ ∂Φ+ = −
∂ ∂
  (36) 
 
Therefore, taking into account the requirement of periodicity in 
terms of θ  coordinate, as well as the form of the “excitation 
term” at the right-hand side of (36), the solution for Sφ  in the 
eigenvalue problem (10) - (12) is sought in the following form 
 
( , , ) ( , ) cosS r z r zφ θ ϕ θ=   (37) 
 
Substitution into the Laplace equation (10), results in the 
following equation for potential ϕ  in the two-dimensional 






ϕϕ ϕ∂⎛ ⎞∇ + − =⎜ ⎟∂⎝ ⎠
  (38) 
 





ϕ ϕϕ ∂ ∂∇ = +
∂ ∂
   (39) 








, at the “wet”  boundary line  (40) 1B̂
2 0g
y
ϕω ϕ ∂− + =
∂
, on “free-surface” . (41) 2B̂
0ϕ = , at the symmetry axis  (42) 0r =
 
The weak form of the boundary-value problem (38) – (42) 
is obtained through an admissible spatial function 
* *( , )x yϕ ϕ=  as follows  





















∇ ⋅ ∇ Ω− Ω+⎜ ⎟∂⎝ ⎠
⎛ ⎞∂




Subsequently, Galerkin discretization of the unknown functions 
pϕ  and the arbitrary functions 
*ϕ , is considered as follows: 
[ ]
1













 ( , )i iq N x y Nϕ = =∑ q     (45)              
where  are known spatial functions, ( , )iN x y [ ]N  is a row-
matrix containing functions ,  is a column vector 
with the unknown generalized coordinates , and is a 
vector containing the arbitrary coefficients . Differentiation 
of equations (44) and (45) gives 





[ ]Bϕ∇ = q     (46)  
[ ]* *Bϕ∇ = q     (47)      
Inserting (44) - (47) into equation (43) a system of 
homogeneous equations is obtained,  
 
( )2 0ω⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦− =K M q ,    (48) 1, 2,3,...n =
 






1 [ ]ˆ ˆ[ ] [ ] [ ] d
1 ˆ[ ] [ ]d


















1 ˆ[ ] [ ] [ ] dBN N
g
Β
= ∫M   (50) 
The solution of the eigenvalue problem (48) provides the 
sloshing frequencies nω  and the eigenvectors , so that the  
corresponding eigenfunctions of problem (10) - (12) are written 
as follows: 
nu
 [ ]( , , ) cosn nr z Nθ θΨ = u , 1, 2,3,...n =   (51) 
 
Inserting equation (51) into equations (19), (20), and 
considering 0c =  and ˆ cosx r θ= , one obtains 5 Copyright © 2008 by ASME 
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M r N N dB
g
π ⎛ ⎞⎜ ⎟=
⎜ ⎟
⎝ ⎠
∫u nu  








P r N dB
g
π ⎛ ⎞⎜ ⎟=
⎜ ⎟
⎝ ⎠
∫u un  
    (53) 1, 2,3,...n =










= ∫u ndB   
    (54)           1, 2,3,...n =
 
Upon computation of the above integrals, the sloshing masses 
 are readily computed from equation (32), and the 
impulsive mass  from equation (33) 
nCΜ
IΜ
NUMERICAL IMPLEMENTATION  
The above modal-analysis methodology is implemented 
in a finite element programming environment and is used to 
compute sloshing frequencies and masses in axisymmetric 
liquid containers. In each case, triangular constant-strain 
elements are employed to discretize the two-dimensional liquid 
domain .  Ω̂
It is important to notice that matrix [ ]M  in the 
discretized eigenvalue problem (48) is computed through an 
appropriate integral on boundary 2B̂ , which is on the free-
surface of the liquid. Therefore, the only non-zero elements of 
matrix [ ]M  are the ones corresponding to nodes located on 
boundary 2B̂ . Separating the nodes on 2B̂  from the rest of the 
nodes, the discretized eigenvalue problem can be written as 
follows,
[ ] [ ]
[ ] [ ]
[ ] [ ]




⎡ ⎤⎧ ⎫ ⎧ ⎫ ⎛ ⎞⎪ ⎪ ⎪ ⎪− =⎢ ⎥⎨ ⎬ ⎨ ⎬ ⎜ ⎟
⎪ ⎪ ⎪ ⎪⎢ ⎝ ⎠⎩ ⎭ ⎩ ⎭⎣
uK K M 0
0
K K 0 0 u⎥⎦
 
      (55) 
where  corresponds to the nodes on au 2B̂ , and  refer to 
remaining nodes, not located on 
bu
2B̂ . Matrix [ ]M  is singular, 
and the number of non-infinite eigenvalues of (55) is equal to 
the number of nodes on boundary 2B̂ , whereas the rest of the 
eigenvalues have an infinite value. Typical static condensation 
is employed to “eliminate” nodes  from the above problem. bu 
aded From: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of UseIn such a case, the equations of the eigenvalue problem (55) 
can be replaced by the following set of equations: 
 
[ ] [ ]1b bb ba
−= −u K K au    (56) 
[ ] [ ]( )2 aa aω− =K M u' 0    (57) 
 
where [ ]aaM  and [ ]K'  are square symmetric matrices, and 
 
[ ] [ ] [ ][ ] [ ]1aa ab bb ba
−= −K K K K K'  (58) 
 
In all finite element meshes employed, the number of nodes on 
the free surface  is significantly smaller than the total 
number of nodes . Therefore, instead of solving the 
NF
N N N×  
eigenvalue problem (55), the “condensed” NF NF×  
eigenvalue problem (57) is solved, reducing significantly the 
computational cost and improving the numerical accuracy. 
Upon calculation of eigenfrequencies and eigenvectors  of 
problem (57), the eigenvectors 
au
[ ]Ta bu u u=  of the complete 



























Figure 4. Variation of convective and impulsive masses with 
respect to total liquid mass in terms of the aspect ratio of an 
upright cylindrical container. 
 
 
A first verification of the proposed finite element 
methodology is offered in Figure 4, where finite element results 
for the first two convective (sloshing) masses and the impulsive 
mass of an upright circular (axisymmetric) cylinder are plotted 
in terms of the container’s aspect ratio H Rγ =  and 

















  (59) 6 Copyright © 2008 by ASME 
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bessel function . The results indicate very good 
accuracy and rapid convergence of the numerical results, with 
respect to the analytical solution 
nk
















Figure 5. Configurations of horizontal-cylindrical, spherical 
and conical liquid vessel with 45o semi-vertex angle. 
 
RESULTS 
The finite element methodology is employed to compute the 
sloshing frequencies and masses of spherical vessels, and 
conical vessels (Figure 5). A typical finite element mesh for the 
containers under consideration is depicted in Figure 6. The 
numerical results are compared with existing semi-analytical 
solutions, as well as with available experimental data. 
 
Spherical vessel 
Sloshing frequencies and masses are computed for a 
spherical vessel (Figure 5a) and the results are presented in 
Figure 7 and  
Figure 8. In particular, Figure 7 shows the numerical 
results for the sloshing frequencies, obtained from the solution 
of the discretized eigenvalue problem (48), with respect to the 
liquid height ( h H R= ) in a normalized form 
( 2n n R gλ ω= ).The computed frequencies compare very well  
ded From: https://proceedings.asmedigitalcollection.asme.org on 06/29/2019 Terms of Uswith those reported in [22] and [30], as well as the test data 
reported in [31]. The numerical results also show a very rapid 
convergence of the first sloshing frequency 1ω . The 
2
n n R gλ ω=  values for a nearly-full spherical container 
( ) approach infinity (2h → nλ →∞ ), whereas for a nearly-
empty container ( ) they approach the limiting values 0h →
22n nλ 1= −  [19]. Figure 7 also shows the test data reported 




Figure 6. Typical finite element meshes with triangular 
elements for spherical vessel ( 1.2h H R= = ). 
 
 
Figure 8 depicts the sloshing masses  computed 
through equations (32), (52), (53), (54), with respect to the 
liquid depth , which is 
nCM
LM
( ) ( )234 11 2 1
3 4L
R h hρ π ⎡ ⎤= − − +⎢ ⎥⎣ ⎦
M  (60) 
The numerical results show that the first sloshing 
(convective) mass  is a substantial part of the total liquid 
mass , whereas the sloshing masses corresponding to 
higher modes are significantly smaller. In the case of nearly-
full containers ( ) the behavior becomes “impulsive”, in 
the sense that the impulsive mass is approximately equal to the 
total liquid mass ( ). In such a case, sloshing effects 
are inconsequential. On the other hand, when the liquid height 
is very small ( ), the behavior becomes “convective” in 
the sense that the impulsive mass is practically equal to zero 
. Furthermore, in the limit ( ), the entire liquid 






0I →M 0h →7 Copyright © 2008 by ASME 
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Downlo( ), whereas sloshing masses corresponding to 
higher modes vanish [ , ]. It is noted that the 
finite element results on frequencies and masses are in 
excellent agreement with the semi-analytical results reported in 
[30].  
1C →M ML





















Figure 7. Sloshing frequencies in spherical vessel with respect 































Figure 8. Convective and impulsive masses in spherical vessels 
with respect to liquid depth. 
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The proposed methodology for axisymmetric vessels is 
applied for the case of a conical vessel with semi-vertex angle 
equal to 45o ( H R= ), shown in Figure 5b, subjected to 
horizontal excitation ( )X t . Following the analytical procedure 
outlined by Levin [36], the analytical solution for the sloshing 
potential can be written in the following form 
 
 ( , , , ) ( ) cosS r z t q t r zθ θΦ =   (61) 
 
The sloshing potential in (61) satisfies the Laplace equation in 
the fluid domain (5), and the kinematic condition (6) on the wet 
wall of the container. Substituting (61) in the free-surface 
condition (7), one readily obtains the following equation of 
motion in terms of the generalized coordinate : ( )q t
 
 Rq gq X+ = −    (62) 
 
Clearly, the sloshing frequency 1ω  can be computed 
analytically equal to g R  (i.e. 21 1 1R gλ ω= = ). Finally, 
inserting (61) into equation (23), the corresponding sloshing 
mass is readily calculated equal to 75% of the total liquid mass 
( 1 0.75C L =M M ) and the remaining liquid mass corresponds 
to the impulsive mass ( 0.25I L =M M ). The finite element 
results from the present formulation are in very good agreement 
with the above analytical solution  [36], as shown in Table 1, in 
terms of both sloshing frequency and mass.  
CONCLUSIONS 
A simple and efficient finite-element modal-analysis 
formulation has been developed for externally-induced sloshing 
in axisymmetric liquid containers, subjected to horizontal 
excitation. In both geometries, considering appropriate 
trigonometric functions for the sloshing potential in the 
circumferential direction, the formulation results in a two-
dimensional eigenvalue problem, which is solved using 
triangular finite elements, and provides sloshing frequencies 
and modes. The application of a static condensation technique 
results in a significant reduction of the size of the eigenvalue 
problem, increasing significantly both computational efficiency 
and accuracy of the methodology. Externally-induced sloshing 
is examined through a modal analysis, which provides the 
corresponding sloshing (or convective) masses. The numerical 
formulation is suitable for the analysis of axisymmetric vessels 
of arbitrary meridian shape.  
Numerical results are obtained for sloshing frequencies and 
masses in spherical vessels, and a conical vessel with 45o semi-
vertex angle. For those geometries, it is shown that numerical 
calculations based on the first sloshing mass only may be 
adequate to represent sloshing behavior accurately, especially 
in the case of seismic excitation. The numerical results show 8 Copyright © 2008 by ASME 
: http://www.asme.org/about-asme/terms-of-use
Downlgood convergence and are in very good agreement with other 
results from other analytical or numerical solutions, and 
available experimental data. The sloshing frequencies and 
masses calculated for spherical containers can be used for 
predicting the dynamic response of industrial pressure vessels, 
towards a simple and efficient seismic design. 
 
 
NFE  21 1 R gλ ω=  1C LM M  
10 1.0101 0.74663 
20 1.0026 0.74917 
40 1.0007 0.74977 
60 1.0003 0.74989 
80 1.0002 0.74994 
analytical 
solution [36] 1.0 0.75 
Table 1: Convergence of the 1st sloshing frequency and 1st 
sloshing mass of a conical container with semi-vertex angle 
equal to 45o, with respect to the number of finite elements 
 on the liquid surface NFE 2B̂ . 
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